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Storage of sparse matrices was discussed, and some standard static and 
dynamic storage schemes outlined. 
Iterative and direct methods of solving linear equations were briefly 
outlined and then discussed in the context of exploiting their sparsity. 
The last section dealt with the direct solution of sparse symmetric positive 
definite systems of equations. It was shown that the problem of solving such 
equations can be decomposed into a nonnumeric part and a numeric part. 
The nonnumeric part is the problem of ordering (relabeling) the variables so 
that fill-in is minimized during the numeric part, viz. Cholesky’s method, a 
symmetric form of Gaussian elimination. 
Eigenvalue, least-squares, and optimization problems were not discussed. 
We give here a list of references on the material of the talk. 
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Let A, C, D, and X be complex n X n matrices such that C, D, and X 
are Hermitian and D > 0 (positive semidefinite). A solution X of the alge- 
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braic Riccati equation 
XDX+XA+A*X+C=O (1) 
is called unmixed if A + DX and (A + DX)* have at most purely imaginary 
eigenvalues in common. Theorem 1 below deals with existence and unique- 
ness of unmixed solutions of (1). 
We will use the following notation. We write x(F) for the characteristic 
polynomial of a matrix F. For a complex polynomial p(z) = C;=,akzk let fi 
be defined by 
a(z)= f ak(-Z)k=j5(-Z). 
k=O 
If H = (hii) is an n x n matrix of complex rational functions, we define fi by 
z?(z) = (hji( - 2)). 
As C( A, D) := Im( D, AD,. . . , A”-‘D) is A-invariant, one can factorize x(A) 
as 
X(A)+h~Xkvc,*,.,) (2) 
and define the polynomial h by (2). We put 
for the Hamiltonian matrix associated to (1). In the sequel 9 E C[ Z] shall 
always be a candidate for X( A + OX), where X is an unmixed solution, i.e., 9 
is manic of degree n and the common zeros of 9 and (I, if any, he on the 
imaginary axis. 
THEOREM 1. There exists a unique Hermitian solution X of (1) such that 
X(A + DX) = 9, if and only if 
(Co), x(M) = ( - I)“94 (h, (5) = I, and 
(LR) the elementary divisors of M which belong to purely imaginary 
eigenvalues have even degree. 
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A proof of this result can be found in [5]. The condition (LR) is contained 
in [4], and (Co) in [2]. 
REMARK. There exists a polynomial q such that (Co), is satisfied, if and 
only if 
(a) all pure imaginary eigenvalues of M have even algebraic multiplicity, 
and 
(P) (h, Jr)= 1. 
The following condition in [I] is equivalent to (p): 
(Ch) If A is an eigenvalue of A such that rank(A - hl, D) < n, then 
rank( A* + hl, D) = n. 
We note the special case of Theorem 1 where all zeros of h are in the 
right half plane, i.e. where the pair { - A, D} is stabilizable. 
THEOREM 2. There exists u unique solution X, of (1) such that all 
eigenualues of A + DX, have nonnegative real part if and only if { - A, D} 
is stabilizable and (LR) holds. The matrix X, is a maximul solution [3], i.e., 
X + - X >= 0 for any solution X of (1). 
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